In this paper we present and prove rapidly convergent formulas for the distribution of the 3-smooth, 5-smooth, 7-smooth and all other smooth numbers. One of these formulas is another version of a formula due to Hardy and Littlewood for the arithmetic function N a,b (x), which counts the number of positive integers of the form a p b q less than or equal to x.
Introduction
Let a ∈ N ≥2 be a fixed natural number. Let N a (x) denote the number of natural numbers of the form a p which are smaller or equal to x, where p ∈ N 0 . By definition [1, 2], we have that the 2-smooth numbers are just the powers of 2, namely S 2 := {1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, . . .} and that the formula for their distribution is N 2 (x) = log(x) log(2) + 1 2 − B 1 log(x) log(2) .
This follows directly from the more general formula N a (x) = log(x) log(a) + 1 2 − B 1 log(x) log(a) .
Numbers of the form 2 p 3 q , where p ∈ N 0 and q ∈ N 0 are called 3-smooth numbers [1, 2, 3], because these numbers are exactly the numbers which have no prime factors larger than 3. We will denote the sequence of 3-smooth numbers by S 2,3 . Thus, we have that S 2,3 : = {2 p 3 q : p ∈ N 0 , q ∈ N 0 } = {1, 2, 3, 4, 6, 8, 9, 12, 16, 18, 24, 27, 32, 36, 48, 54, 64, 72, 81, 96, 108, 128, 144 , . . .} .
More generally, let a, b ∈ N be fixed natural numbers such that a < b and gcd(a, b) = 1. Let N a,b (x) denote the number of natural numbers of the form a p b q which are smaller or equal to x, where p, q ∈ N 0 . Furthermore, we denote by χ S a,b (x) the characteristic function of the natural numbers of the form a p b q .
In his first letter to Hardy [4, 5, 6, 7] , Ramanujan gave the formula N 2,3 (x) ≈ 1 2 log(2x) log(3x) log(2) log(3) + 1 2 χ S 2,3 (x), which provides a very close approximation to the number N 2,3 (x) of 3-smooth numbers less than or equal to x. In his notebooks [4, 7] , Ramanujan later generalized this expression to all a, b ∈ N with gcd(a, b) = 1, namely
log(ax) log(bx) log(a) log(b)
which is again a very close approximation to N a,b (x). The analog formula for N a,b,c (x) [8, 9, 10] is which is also a very good approximation to N a,b,c (x).
In the following sections, we present and prove rapidly convergent formulas for the functions N a,b (x) and N 2,3 (x), having the above Ramanujan approximations as their first term. These two formulas are other versions of a more rapidly convergent formula already found by Hardy and Littlewood around 1920 [11, 12] , as it was communicated to us by Emanuele Tron [13] . We also prove very rapidly convergent formulas for the distribution of the 5-smooth, 7-smooth and all other smooth numbers. At the end of the paper, we give an exact formula for the counting function of the natural numbers of the form a p 2 b q 2 . We have searched all resulting formulas (which are given in theorems and corollaries) in the literature and on the internet, but we could only find the Hardy-Littlewood formula [11, 12] . Therefore, we believe that all other results are new. We have that The above formula converges rapidly. As usual we denote by {x} the fractional part of x.
This is just another version of the following
Theorem 2. (The Hardy-Littlewood formula for N a,b (x)) [11, 12] For every real number x ≥ 1, we have that where the series is to be interpreted as meaning [12] This formula converges very rapidly.
Setting a = 2 and b = 3, we get immediately two formulas for the distribution of the 3-smooth numbers, namely log(2x) log(3x) log(2) log(3) + log(2) 12 log(3) + log(3) 12 log(2)
log(x) log(2)
log(x) log(3) − log(2) 2 log(3) B 2 log(x) log(2) − log(3) 2 log(2) B 2 log(x) log(3) + log(2) log(3) − cos 2πm log(x) log(3) m 2 log(2) 2 − n 2 log(3) 2 + 1 2 χ S 2,3 (x).
Corollary 4.
(The Hardy-Littlewood formula for N 2,3 (x)) [11, 12] For every real number x ≥ 1, we have that N 2,3 (x) = 1 2 log(2x) log(3x) log(2) log(3) + log(2) 12 log(3) + log(3) 12 log(2) − 1 4 − B * 1 log(x) log(2) − B * 1 log(x) log(3)
log(x)− 1 2 log(3) log(2) k sin πk log(3) log(2) + cos 2πk
log(x)− 1 2 log(2) log(3) k sin πk log(2) log(3)
where the series is to be interpreted as meaning [12] Using the computationally more efficient formula
we get the following two tables: 
Corollary 6. (Modified Hardy-Littlewood formula for N a,b (x)) [11, 12] For every real number x ≥ 1, we have
where the series is interpreted as mentioned above.
The Formula for the Distribution of the 5-Smooth Numbers
Let a, b, c ∈ N such that a < b < c and gcd(a, b, c) = 1.
We define also
Thus, we have that
We have the following 
This formula converges very rapidly.
In the above formula, the series are to be interpreted as meaning
when R → ∞ in an appropriate manner.
Setting a = 2, b = 3 and c = 5 and interpreting the series, like before, as meaning (for example)
when R → ∞ in an appropriate manner, we get for the sequence 
4 log(5) + log(2) log(x) 12 log(3) log(5) + log(3) log(x) 12 log(2) log(5) + log(5) log(x) 12 log(2) log(3) + log(2) 24 log(3) + log(2) 24 log(5) + log(3) 24 log(2) + log(3) 24 log(5) + log(5) 24 log(2) + log(5) 24 log(3) + 1 8
log(x)+ 4 The Formula for the Distribution of the 7-Smooth Numbers
This formula converges again very rapidly. The series appearing in this formula are all interpreted like before.
Setting a = 2, b = 3, c = 5 and d = 7, we get for the sequence 
24 log(2) log(3) log(5) log(7) + log(x) 3 12 log(2) log(3) log(5) + log(x) 3 12 log(2) log(3) log (7) + log(x) 3 12 log(2) log(5) log(7) + log(x) 3 12 log(3) log(5) log(7) + log(2) log(x) 2 24 log(3) log (5) log (7) + log(3) log(x) 2 24 log(2) log(5) log(7) + log(5) log(x) 2 24 log(2) log(3) log(7) + log(7) log(x) 2 24 log(2) log(3) log(5)
8 log(7) + log(2) log(x) 24 log(3) log (5) + log(2) log(x) 24 log(3) log(7) + log(2) log(x) 24 log(5) log(7) + log(3) log(x) 24 log(2) log(5) + log(3) log(x) 24 log(2) log(7) + log(3) log(x) 24 log(5) log (7) + log(5) log(x) 24 log(2) log(3) + log(5) log(x) 24 log(2) log(7) + log(5) log(x) 24 log(3) log(7) + log(7) log(x) 24 log(2) log(3) + log(7) log(x) 24 log(2) log(5) + log(7) log(x) 24 log(3) log(5) + 1 16 + log(2) 48 log(3) + log(2) 48 log(5) + log(2) 48 log(7) + log(3) 48 log(2) + log(3) 48 log(5) + log(3) 48 log(7) + log(5) 48 log(2) + log(5) 48 log(3) + log(5) 48 log(7) + log(7) 48 log(2) + log(7) 48 log(3) + log(7) 48 log(5) + log(2) log(3) 144 log(5) log(7) + log(2) log(5) 144 log(3) log(7) + log(2) log(7) 144 log(3) log(5) + log(3) log(5) 144 log(2) log(7) + log(3) log(7) 144 log(2) log(5) + log(5) log(7) 144 log(2) log(3) − log(2) 3 720 log(3) log(5) log(7) − log(3) 3 720 log(2) log(5) log(7)
− log(5) 3 720 log(2) log(3) log(7) − log(7) 3 720 log(2) log(3) log(5)
log(x)− 1 2 log(7) log(2) k sin πk log (7) log(2) + cos 2πk (5) log (3) + cos 2πk
log(x)− 1 2 log(7) log(3) k sin πk log (7) log(3) + cos 2πk
log(x)− 1 2 log(7) log (5) k sin πk log (7) log (5) + cos 2πk (5) log (2) sin πk log(7) log(2) + sin 2πk (2) log (5) sin πk log (7) log (5) + sin 2πk (2) log (5) sin πk log(7) log(5) (2) log (7) sin πk log(3) log(7)
+ sin 2πk
log(x)− 1 2 log(2)+ 1 2 log(3) log (7) k sin πk log (2) log (7) sin πk log(3) log(7)
log (5) log (7) k sin πk log (3) log (7) sin πk log (5) log (7) + sin 2πk
log (5) log (7) k sin πk log (2) log (7) sin πk log (5) log (7) + sin 2πk
log(5) log (7) k sin πk log (2) log (7) sin πk log(5) log(7)
cos πk log (5) log (2) cos πk log (7) log (2) cos 2πk
sin πk log(7) log(5)
cos πk log(3) log (7) cos πk log (5) log (7) cos 2πk
log(x) log (7) k sin πk log(2) log(7) sin πk log(3) log(7) sin πk log(5) log(7)
This formula converges very rapidly. Every series is interpreted as mentioned above. 
The Formula for the Distribution of all Smooth Numbers
Let a 1 , a 2 , a 3 , . . . , a n ∈ N such that a 1 < a 2 < a 3 < . . . < a n and gcd(a 1 , a 2 , a 3 , . . . , a n ) = 1. We define also S a 1 ,a 2 ,a 3 ,...,an : = {a
. . .
Expressions of this form for N a 1 ,a 2 ,a 3 ,...,an (x) are called "Klauder-Ness Expressions" [15, 16] . We have the following Theorem 11. (Formula for N a 1 ,a 2 ,a 3 ,...,an (x)) For every real number x ≥ 1, we have that a 2 ,a 3 ,..., am,. ..,an}
where the series are to be interpreted as meaning
This formula converges again very rapidly.
Proof. We have that
Therefore, by Perron's formula, we get that
where γ = line from 1 − i∞ to 1 + i∞.
Using the relation
we can compute the "a m -Residues" to
Using the relations sin 2πk log(x) log(a m ) = 1 2 ix (r mod 4+r mod 2) 1 2 i 
In the above calculation, we have used the two algebraic identities
where
These two identities follow by induction, because for n = 1, we have that
These two identities are exactly the claimed formulas for S 1 (x 1 ) and S 2 (x 1 ). Supposing now that the statement is also true for S 1 (x 1 , x 2 , x 3 , . . . , x n−1 ) and S 2 (x 1 , x 2 , x 3 , . . . , x n−1 ), we prove by induction S 1 (x 1 , x 2 , x 3 , . . . , x n−1 , x n ) = (x n + 1)S 1 (x 1 , x 2 , x 3 , . . . , x n−1 ) − (x n − 1)S 1 (x 1 , x 2 , x 3 , . . . , x n−1 ) = (x n + 1 − x n + 1) S 1 (x 1 , x 2 , x 3 , . . . , x n−1 ) = 2S 1 (x 1 , x 2 , x 3 , . . . , x n−1 ) = 2 · 2 n−1 = 2 n , S 2 (x 1 , x 2 , x 3 , . . . , x n−1 , x n ) = (x n + 1)S 2 (x 1 , x 2 , x 3 , . . . , x n−1 ) + (x n − 1)S 2 (x 1 , x 2 , x 3 , . . . , x n−1 ) = (x n + 1 + x n − 1) S 2 (x 1 , x 2 , x 3 , . . . , x n−1 ) = 2x n S 2 (x 1 , x 2 , x 3 , . . . , x n−1 ) = 2x n 2 n−1
These are the claimed statements for S 1 (x 1 , x 2 , x 3 , . . . , x n−1 , x n ) and S 2 (x 1 , x 2 , x 3 , . . . , x n−1 , x n ). Therefore, the inductive proof is finished.
The above established identity implies that Summing up all the Residues, we get our formula for N a 1 ,a 2 ,a 3 ,...,an (x).
Remark 12. The first few identities of the family of identities, which we encountered in the above proof, are
S 2 (x 1 , x 2 ) = (x 1 + 1)(x 2 + 1) + (x 1 − 1)(x 2 + 1) + (x 1 + 1)(x 2 − 1) + (x 1 − 1)(x 2 − 1) = 4x 1 x 2 S 1 (x 1 , x 2 , x 3 ) = (x 1 + 1)(x 2 + 1)(x 3 + 1) − (x 1 − 1)(x 2 + 1)(x 3 + 1) − (x 1 + 1)(x 2 − 1)(x 3 + 1)
And so on.
Setting a 1 = 2, a 2 = 3, a 3 = 5, a 4 = 7, . . . , a k = p k = k-th prime number, . . . , a n = p n = n-th prime number in the above theorem, we get for the sequence S 2,3,5,7,...,pn : = {2 q 1 3 q 2 5 q 3 7 q 4 · · · p qn n : q 1 ∈ N 0 , q 2 ∈ N 0 , q 3 ∈ N 0 , . . . , q n ∈ N 0 } , of p n -smooth numbers [1, 2], immediately the following This formula converges also very rapidly.
Therefore, we have Corollary 14. (The Hardy-Littlewood formula for N a,b (x) and N 2,3 (x)) [11, 12] For every real number x ≥ 1, we have that
and N 2,3 (x) = log(x) 2 2 log(2) log(3) + log(x) 2 log(2) + log(x) 2 log(3) + 1 4 + log(2) 12 log(3) + log(3) 12 log(2)
Proof. The proof that we give here is Hardy's proof [11] of the formula for N a,b (x). We have that
Res s= 2πik log(a)
Res s=− 2πik log(a)
Res s=
where γ = line from 1 − i∞ to 1 + i∞. Moreover, we have that
and that
Using the relations sin 2πk log(x) log(a) = 1 2 ix
we establish (by expanding everything out) the following identity − cot πk log(b) log(a) cos 2πk log(x) log(a) + sin 2πk log(x) log(a)
Therefore, for the first Residues (the "a -Residues"), we have that
− cot πk log(b) log(a) cos 2πk log(x) log(a) + sin 2πk log(x) log(a) for all k ∈ N.
Exchanging a and b ("permuting a and b"), we get also the other Residues (the "b -Residues"), namely
Summing everything up, we get our formula for N a,b (x). Setting a = 2 and b = 3, we get also the formula for N 2,3 (x). 
and N 2,3,5 (x) = log(x) 3 6 log(2) log(3) log(5) + log(x) 2 4 log(2) log(3) + log(x) 2 4 log(2) log(5) + log(x) 2 4 log(3) log(5) + log(x) 4 log(2) + log(x) 4 log(3) + log(x) 4 log(5) + log(2) log(x) 12 log(3) log (5) + log(3) log(x) 12 log(2) log (5) + log(5) log(x) 12 log(2) log(3) + log(2) 24 log(3) + log(2) 24 log(5) + log(3) 24 log(2) + log(3) 24 log(5) + log(5) 24 log(2) + log(5) 24 log(3) + 1 8
cos 2πk
cos πk log (5) log (3) cos 2πk
cos πk log(3) log (5) cos 2πk
log(x) log (5) k sin πk log(3) log(5) (2) log (5) cos 2πk
log(x) log (5) k sin πk log(2) log(5) (5) log (2) cos 2πk
cos πk log (5) log (2) sin 2πk (2) log (5) cos πk log(3) log (5) sin 2πk
log(x) log (5) k sin πk log(2) log (5) sin πk log(3) log(5)
Res s=− 2πik log(c)
where γ = line from 1 − i∞ to 1 + i∞. Res s= 2πik log(a)
Exactly similar expressions hold also for the other Residues under exchanging a with b, and a with c ("permuting a, b, c"). Using again the relations sin 2πk log(x) log(a) = 1 2 ix
we establish (by expanding everything out) the following identity
− cot πk log(c) log(a) cos 2πk log(x) log(a) + sin 2πk log(x) log(a)
− cot πk log(c) log(a) cos 2πk log(x) log(a) + sin 2πk log(x) log(a) ∀k ∈ N.
Exchanging a with b, and a with c ("permuting a, b, c"), we get also the other Residues (the "b -Residues" and the "c -Residues"), which have exactly the same structure. Summing everything up, we get the formula for N a,b,c (x). Setting a = 2, b = 3 and c = 5, we get also the formula for N 2,3,5 (x). 
and N 2,3,5,7 (x) = log(x) 4 24 log(2) log(3) log(5) log(7) + log(x) 3 12 log(2) log(3) log(5) + log(x) 3 12 log(2) log(3) log (7) + log(x) 3 12 log(2) log(5) log(7) + log(x) 3 12 log(3) log(5) log(7) + log(2) log(x) 2 24 log(3) log(5) log(7) + log(3) log(x) 2 24 log(2) log(5) log(7) + log(5) log(x) 2 24 log(2) log(3) log(7) + log(7) log(x) 2 24 log(2) log(3) log (5) + log(x) 2 8 log(2) log(3) + log(x) 2 8 log(2) log(5) + log(x) 2 8 log(2) log(7) + log(x) 2 8 log(3) log(5) + log(x) 2 8 log(3) log(7) + log(x) 2 8 log(5) log(7) + log(x) 8 log(2) + log(x) 8 log(3) + log(x) 8 log(5) + log(x) 8 log(7) + log(2) log(x) 24 log(3) log(5) + log(2) log(x) 24 log(3) log(7) + log(2) log(x) 24 log(5) log(7) + log(3) log(x) 24 log(2) log(5) + log(3) log(x) 24 log(2) log(7) + log(3) log(x) 24 log(5) log(7) + log(5) log(x) 24 log(2) log(3) + log(5) log(x) 24 log(2) log(7) + log(5) log(x) 24 log(3) log(7) + log(7) log(x) 24 log(2) log(3) + log(7) log(x) 24 log(2) log (5) + log(7) log(x) 24 log(3) log (5) + 1 16 + log(2) 48 log(3) + log(2) 48 log(5) + log(2) 48 log(7) + log(3) 48 log(2) + log(3) 48 log (5) + log(3) 48 log(7) + log(5) 48 log(2) + log(5) 48 log(3) + log(5) 48 log(7) + log(7) 48 log(2) + log(7) 48 log(3) + log(7) 48 log (5) + log(2) log(3) 144 log(5) log (7) + log(2) log(5) 144 log(3) log(7) + log(2) log(7) 144 log(3) log (5) + log(3) log(5) 144 log(2) log (7) + log(3) log(7) 144 log(2) log (5) + log(5) log(7) 144 log(2) log(3) − log(2) 3 720 log(3) log(5) log(7) − log(3) 3 720 log(2) log (5) log (7) − log (5) 3 720 log(2) log(3) log(7) − log(7) 3 720 log(2) log(3) log(5)
log(x) log(7)
cos 2πk (5) log (2) cos 2πk (2) log (5) cos 2πk
log(x) log (5) k sin πk log(2) log(5)
cos πk log(7) log(2) cos 2πk
log(x) log(2) k sin πk log(7) log(2)
k sin πk log(2) log(7)
log(x) log (7) k sin πk log(3) log(7)
cos πk log (7) log (5) cos 2πk
log(x) log (5) k sin πk log(7) log(5) (5) log (7) cos 2πk
log(x) log (7) k sin πk log(5) log(7) − 1 8π cos πk log(3) log(7) sin 2πk
k sin πk log(2) log(7) sin πk log(3) log(7)
cos πk log(5) log (7) sin 2πk
k sin πk log(3) log(7) sin πk log(5) log(7)
k sin πk log(2) log(7) sin πk log (5) cos πk log(3) log(7) cos πk log (5) log (7) cos 2πk
k sin πk log(2) log (7) sin πk log(3) log(7) sin πk log(5) log(7)
Res s= 2πik log(c)
For the Residues, we have that − cot πk log(b) log(a) cot πk log(c) log(a) sin 2πk log(x) log(a)
− cot πk log(c) log(a) cot πk log(d) log(a) sin 2πk log(x) log(a)
− cot πk log(b) log(a) cot πk log(d) log(a) sin 2πk log(x) log(a)
− cot πk log(b) log(a) cos 2πk log(x) log(a) − cot πk log(c) log(a) cos 2πk log(x) log(a) − cot πk log(d) log(a) cos 2πk log(x) log(a) + sin 2πk log(x) log(a) ∀k ∈ N.
By exchanging the variable a with all other variables b, c and d ("permuting a, b, c, d"), we get all four Residues (the "a, b, c, d -Residues"), which have all the same structure. Summing everything up, we get our formula for N a,b,c,d (x). Setting a = 2, b = 3, c = 5 and d = 7, we get also the formula for N 2,3,5,7 (x).
And so on. These formulas are exactly equivalent to the previous mentioned formulas. We have also the following 
Conclusion
We have presented and proved the formulas for the distribution of every smooth number sequence. This article and the proofs of these formulas will soon be published in a Journal.
